This paper presents new examples of projective surfaces of general type over C with canonical map of degree 3 onto a surface of general type. Very few examples are known of such surfaces and some of the examples in this paper present the new feature of having the canonical map not a morphism (i.e. the canonical linear system with base points). Mathematics Subject Classification (2010):14J29.
Introduction
Let X be a minimal smooth complex surface of general type (see [4] or [2] ) and denote by ϕ |KX | : X / / P pg (X)−1 the canonical map of X, where p g (X) = dim H 0 (X, K X ) is the geometric genus and K X is the canonical divisor of X. A classical result of A. Beauville [3, Proposition 4.1 and its proof] says that if the image of ϕ |KX | is a surface of general type, the degree d of the canonical map of X is less than or equal to 9. These surfaces are called canonical covers. The problem of constructing canonical covers of degree d > 1 has a long history. At first it was erroneously believed that canonical covers of degree d > 1 did not exist, but around 1979 a first example of a canonical cover of degree d = 2 was discovered independently by F. Catanese, G. Van der Geer, D. Zagier and A. Beauville [17] , [6] . Nowadays, canonical covers of degree d = 2 have been intensively constructed by A. Beauville [7] , by C. Ciliberto, R. Pardini and F. Tovena [8] , [9] and the author [12] , etc.
Only few examples of canonical covers of degree d greater or equal to 3 have been found so far. They were constructed by R. Pardini in 1991 [14] and by S.L. Tan in 1992 [16] . More precisely, one example with d = 5 has been constructed by S.L. Tan [16] and R. Pardini [14] independently, one example with d = 3, p g = 5 and K 2 = 27 has been found by R. Pardini [14] and a series of examples with d = 3, p g = 8 − n and K 2 = 54 − 9n for some 0 ≤ n ≤ 4 have been found by S.L. Tan [16] . These canonical covers of degree 3 were constructed by taking Z 2 3 or Z 3 3 −covers of a blow up of P 2 in such a way that the canonical map is essential a Z 3 −cover ramified on a 3−divisible set of singularities of type A 2 . All the these known canonical covers of degree 3 possess base point free canonical system.
In this paper, we construct several new canonical covers of degree 3. Some of these new surfaces have base points for the canonical system. The results of this paper are the following theorems: Theorem 1.1. There exist minimal surfaces of general type X whose canonical map is of degree 3 onto a surface of general type Σ, satisfying the following 30  5  0  8  6  28  5  0  8  4  26  5  0  8  2  24  5  0  8  0  21  4  0  5  6  19  4  0  5  4  17  4  0  5  2  15  4  0  5  0 Furthermore, the image Σ of the canonical map is either a quintic surface in P 3 (p g (X) = 4) or a complete intersection of a quadric and a quartic in P 4 (p g (X) = 5).
Z 2 3 −coverings
Let H i1i2 denote the non-trivial cyclic subgroup generated by (i 1 , i 2 ) of Z 2 3 for all (i 1 , i 2 ) ∈ Z 2 3 \ (0, 0) and denote by χ j1j2 the character of Z 2 3 defined by χ j1j2 (a 1 , a 2 ) := e ( 2π 3 a1j1)i e ( 2π 3 a2j2)i for all j 1 , j 2 , a 1 , a 2 ∈ Z 3 . For the sake of simplicity, from now on we use the notations L j1j2 instead of L χj 1 j 2 and D j1j2 instead of D Hj 1 j 2 ,χj 1 j 2 |H j 1 j 2 for all j 1 , j 2 , a 1 , a 2 ∈ Z 3 , where χ j1j2 | Hj 1 j 2 is the restriction of the character χ j1j2 on the subgroup H i1i2 .
From [13, Theorem 2.1 and Proposition 2.1] we have, where the last statement follows from the fact that if the surface Y has no 3-torsion then 3L ≡ D uniquely defines L: 
Z 3 −coverings
Let X be a smooth projective surface. Assume that the cyclic group Z 3 acts on X with only isolated fixed points. By Cartan's lemma, the representation of Z 3 on the tangent space at an isolated fixed point is the sum of two non-trivial characters. The image of this point in the quotient surface X/Z 3 is a canonical singularity of type A 2 if the two characters are different and it is a singular point of type . Let X be a smooth projective surface. Assume that the group Z 3 acts on X with only isolated fixed points. Denote byX 1 the minimal resolution of the quotient surface X/Z 3 , then
where m is the number of fixed points whose image in the quotient surface X/Z 3 is a singular point of type 1 3 (1, 1) and n is the number of fixed points whose image in the quotient surface X/Z 3 is a point of type A 2 .
Let P 1 , P 2 , . . . , P m be the fixed points for the Z 3 −action whose images in the quotient surface X/Z 3 are 1 3 (1, 1) singularities. We consider the following commutative diagram
where π is the blow up of X at the points P 1 , P 2 , . . . , P m , the map r is a partial resolution of X/Z 3 resolving only the 1 3 (1, 1) singularities, f is the quotient map with respect to the action of Z 3 , and f is the quotient map with respect to the extended action Z 3 on X. Denoting by E 1 , E 2 , . . . , E m the exceptional divisors corresponding to P 1 , P 2 , . . . , P m , respectively, the canonical divisor of X is
On the other hand, because f totally ramifies on the (−3) −curves
by the Hurwitz formula, we obtain that
So we get that
Since the surface X 1 has only canonical singularities A 2 , we have that
Thus, the (−1) −curves E 1 , E 2 , . . . , E m are fixed components of π * (K X ). Therefore the points P 1 , P 2 , . . . , P m are base points of |K X |. We have thus proved the following proposition:
Proposition 2.6. Let X be a smooth projective surface. Assume that the group Z 3 acts on X with only isolated fixed points. Let P 1 , P 2 , . . . , P m be the fixed points for the Z 3 −action whose images in the quotient surface X/Z 3 are singular points of type 1 3 (1, 1). Denote byX 1 the minimal resolution of the quotient surface X/Z 3 . If
the points P 1 , P 2 , . . . , P m are base points of |K X |.
Constructions
In this section, we construct the surfaces described in Theorem 1.1. The idea of the construction is the following: we construct Z 2 3 −covers X / / Y of a blow up Y of P 2 in such a way that one of the Z 3 −quotients X 1 of X is a surface of general type with a 3−divisible set of n singular points of type A 2 and m singular 1 3 (1, 1) points satisfying
where σ :X 1 / / X 1 is the minimal resolution of X 1 . The Z 3 −cover X / / X 1 ramifies exactly on these singular points and the canonical map of X essentially factorizes through the canonical map of X 1 which is birational.
Construction 1
The main construction Construction and computation of invariants We denote by Y 3 the blow up of P 2 at three distinct non-collinear points P 1 , P 2 , P 3 . Let us denote by l the pullback of a general line in P 2 , by e 1 , e 2 , e 3 the exceptional divisors corresponding to P 1 , P 2 , P 3 , respectively, by f 1 , f 2 , f 3 the strict transforms of a general line through P 1 , P 2 , P 3 , respectively and by h 12 , h 23 , h 31 the strict transforms of the lines P 1 P 2 , P 2 P 3 , P 3 P 1 , respectively. The anti-canonical class −K Y3 ≡ f 1 + f 2 + f 3 is very ample and the linear system |−K Y3 | embeds Y 3 as a smooth del Pezzo surface of degree 6 in P 6 .
We consider the following smooth divisors:
such that no more than two of these divisors go through the same point, where f 11 , f 12 
The building data is as follows:
By Propositions 2.3 and 2.4, the surface X is smooth and satisfies the following:
Because 3K X is the pull-back of a nef and big divisor, the canonical divisor K X is nef and big. Thus, the surface X is minimal and of general type. Furthermore, by Proposition 2.4, the surface X possesses the following invariants:
The canonical map and the canonical image Let Σ denote the image of the canonical map ϕ |KX | . We show that the degree d of the canonical map is 3 and that the canonical image Σ is a surface of general type. We consider the cyclic subgroup Γ := (1, 0) of Z 2 3 . Because
for all χ / ∈ Γ ⊥ , by Proposition 2.1, the canonical map ϕ |KX | is essential the composition of the quotient map
The surface X 1 is the Z 3 −cover g 1 : X 1 / / Y 3 with the following building data:
The quotient surface X 1 has fifteen singular points of type A 2 and six singular points of type 1 3 (1, 1). We consider the following maps
where π 1 is the blow up at the intersection points between D ′ 1 and D ′ 2 (i.e. between D 02 and D 22 + D 12 ), g 1 is the Z 3 −cover ramifying on the strict transforms of D ′ 1 , D ′ 2 . The surface X 1 is a partial resolution of X 1 where the 1 3 (1, 1) singularities are resolved. The surface X 1 has fifteen singular points of type A 2 and satisfies the following
where h 1 , h 2 , . . . , h 6 are the exceptional divisors of π 1 . Because the surface X 1 has only canonical singularities, the minimal resolutionX 1 of X 1 has the following invariants:
Moreover, the surfaceX 1 satisfies the following
whereg 1 is the composition of the map g 1 and the resolution map which resolves the singular points of type A 2 .
Remark that the surfaceX 1 has no 3−torsion. In fact, assume thatX 1 has a divisor T such that 3T ≡ 0.
We consider theétale cover h : Z / /X 1 of degree 3 ramifying on 3T . So Z is a minimal surface with
This contradicts to the Noether's inequality. So we get
h i is effective and is contained in the branch locus. Notice that the general curve in f 2 is not hyper-elliptic, wheref 2 :=g * 1 (f 2 ). Indeed, the linear system f 2 has a base point free g 1 3 which is a special linear system. So the general curve in f 2 is not hyper-elliptic because a special linear system on a hyper-elliptic curve is always composed of a multiple of the g 1 2 plus some base points (see [18, Lemma 5] ).
Moreover, the restriction map H 0 X 1 ,
we consider the following long exact sequences
the restriction map H 0 X 1 ,
On the other hand, the linear system f 2 moves in a rational pencil. So ϕ |KX 1 | separates the fibers of f 2 . This yields that ϕ |KX 1 | is birational. Therefore the canonical map ϕ |KX 1 | is a birational morphism and the image Σ is a complete intersection of a quadric and a quartic in P 4 (see [11, Theorem 4.6] and [1, Theorem 1.5]).
The second cover g 2 ramifies on the 3−divisible set of fifteen singular points of type A 2 points and six singular 1 3 (1, 1) points. Because ϕ |KX 1 | is birational, ϕ |KX | is a 3 − 1 map onto a surface of general type. Thus, we obtain the surface described in the first row of Theorem 1.1.
Finally, because the Z 3 −cover X g2 / / X 1 ramifies on six points of type 1 3 (1, 1) and fifteen points of type A 2 and p g (X) = p g X 1 , by Proposition 2.6, the canonical system |K X | has six base points.
Imposing singularities on the branch locus
To obtain the other surfaces in Theorem 1.1, we impose ordinary triple points on the branch locus of the Z 2 3 −cover in Section 3.1 and then we resolve the singularities. This is similar to the work of S. L. Tan for triple covers [15] . We require that D σ1 , D σ2 and D σ3 have different inertia groups and meet transversely at a point. There are two possibilities:
1. The coefficients of D σ1 , D σ2 , D σ3 are the same in the relation of 3L 01 (in Proposition 2.2); 2. The coefficients of D σ1 , D σ2 , D σ3 are different in the relation of 3L 01 (in Proposition 2.2).
We resolve the singularities appearing in the first case. By reordering indices, without loss of generality, we consider the case where D 01 , D 22 and D 12 meet transversely at a point P . In this case, if we blow up at the common point of D 01 , D 22 and D 12 , the strict transforms of D σ satisfy the conditions of Proposition 2.2 and Proposition 2.3. Hence, the Z 2 3 −cover ramifying on these strict transforms is smooth. The preimage of P is an elliptic curve with self-intersection −9. In this case, the geometric genus drops by 1. Now we deal with the second case where the coefficients of D σ1 , D σ2 , D σ3 are different in the relation of 3L 01 . By reordering indices, without loss of generality, we consider the case where D 02 , D 22 and D 12 meet transversely at a point P . In this case, the strict transforms of D 02 , D 22 , D 12 of the blow up at the meeting point of D 02 , D 22 and D 12 do not satisfy the condition of Proposition 2.2. So we can not take a Z 2 3 −cover ramifying on these strict transforms. To solve this problem, we add the exceptional divisor to D 01 . This means the new branch curve D 01 is the strict transform of D 01 and the exceptional divisor. The new branch curves D σ are the strict transforms of D σ for all D σ = D 01 . The new branch curves now satisfy the condition of Proposition 2.2. We, however, still get a surface with singularities because the new branch curves D 01 and D 02 have a common point. Notice that D 01 and D 02 have the same inertia group. To fulfill the condition of Proposition 2.3, we blow up the intersection point between the exceptional divisor and the strict transform of D 02 . The preimage of P is the union of four rational curves C 0 , C 1 , C 2 , C 3 such that C 2 0 = −2, C 2 i = −3, C 0 C i = 1 for all i ∈ {1, 2, 3} and that C i C j = 0 for all i = j. In this case, the geometric genus does not change.
Singularities that do not change p g and drops the number of base points We take a branch locus as Section 3.1, except that now we require that the total branch locus has an ordinary triple point where the three divisors D 02 , D 22 , D 12 meet transversally.
We denote by Y 4 the blow up of P 2 at four points in general position P 1 , P 2 , P 3 , P 4 . Let us denote by l the pullback of a general line in P 2 , by e 1 , e 2 , e 3 , e 4 the exceptional divisors corresponding to P 1 , P 2 , P 3 , P 4 , respectively, by f 1 , f 2 , f 3 , f 4 the strict transforms of a general line through P 1 , P 2 , P 3 , P 4 , respectively and by h ij the strict transforms of the line P i P j , for all i, j ∈ {1, 2, 3, 4}, respectively. The anti-canonical class
is very ample and the linear system |−K Y4 | embeds Y 4 as a smooth del Pezzo surface of degree 5 in P 5 .
Let Y 4 be the blow up of Y 4 at the intersection point between e 4 and h 14 . We denote by e ′ 4 the exceptional divisor, by e 4 , h 14 the strict transforms of e 4 , h 14 , respectively and by e i , f i , h ij , l the pullback of e i , f i , h ij , l, respectively except e 4 and h 14 .
D 01 := f 11 + e 4 , D 02 := h 14 , D 22 := h 24 + f 21 + f 22 , D 12 := h 34 + f 31 + f 32 such that no more than two of these divisors go through the same point, where f 11 ∈ f 1 , f 21 , f 22 ∈ f 2 , f 31 , f 32 ∈ f 3 are distinct fibres.
Since 3K X is the pull-back of a nef and big divisor, the canonical divisor K X is nef and big. Thus, the surface X is minimal and of general type. Furthermore, by Proposition 2.4, the surface X possesses the following invariants:
And as in Section 3.1, the quotient surface X 1 := X/ 1, 0 has sixteen singular points of type A 2 and four singular points of type 1 3 (1, 1) . We consider the following maps
where π 1 is the blow up at the intersection points between D 02 and D 22 + D 12 , g 1 is the Z 3 −cover ramifying on the strict transforms of D 02 , D 01 + D 22 + D 12 . The surface X 1 is a partial resolution of X 1 where the 1 3 (1, 1) singularities are resolved. The surface X 1 has sixteen singular points of type A 2 and satisfies the following
where h 1 , h 2 , h 3 , h 4 are the exceptional divisors of π 1 . Because the surface X 1 has only canonical singularities, the minimal resolutionX 1 of X 1 has the following invariants:
Since the surfaceX 1 has no 3−torsion, the canonical divisor ofX 1 is
We remark that the divisor f 12 − e 4 − 2e
h i is effective and is contained in the branch locus.
Analogously to Section 3.1, the canonical map ϕ |KX 1 | is birational. Thus the canonical map ϕ |KX | is a 3 − 1 map onto a surface of general type. Furthermore, because the Z 3 −cover X g2 / / X 1 ramifies on four points of type 1 3 (1, 1) and sixteen points of type A 2 and p g (X) = p g X 1 , by Proposition 2.6, the canonical system |K X | has four base points. So we obtain the surface described in the second row of Theorem 1.1.
Remark 3.1. Similarly to the above, if we ask the three branch components D 02 , D 22 , D 12 meet transversally at two (three) distinct points, we obtain the surface described the third (the fourth) row of Theorem 1.1.
Singularities that change p g In this Section, we construct the surface described on the fifth row of Theorem 1.1. We impose an ordinary triple point on the branch locus of Section 3.1 but in a different way. We require that the total branch locus has an ordinary triple point where the three divisors D 01 , D 22 , D 12 meet transversally.
Let Y 4 be a del Pezzo surface of degree 5. We consider the following smooth divisors: such that no more than two of these divisors go through the same point, where
K 2 X = 21, p g (X) = 4, χ (O X ) = 5, q (X) = 0. And as in Section 3.1, the quotient surface X 1 := X/ 1, 0 has twelve singular points of type A 2 and six singular points of type 1 3 (1, 1). We consider the following maps
where the map π 1 is the blow up at the intersection points between D 02 and D 22 + D 12 , the map g 1 is the Z 3 −cover ramifying on the strict transforms of D 02 , D 01 + D 22 + D 12 . The surface X 1 is a partial resolution of X 1 where the 1 3 (1, 1) singularities are resolved. The surface X 1 has twelve singular points of type A 2 and satisfies the following
whereg 1 is the composition of the map g 1 and the resolution map which resolves the singular points of type A 2 . Because the surfaceX 1 has no 3−torsion, the canonical divisor ofX 1 is
h i is effective and is contained in the branch locus. It is easy to check that
, θKX 1 = 0 and the linear system |g 1 * (2l − e 2 − e 3 − e 4 )| is base point free, the linear system KX 1 is base point free. This implies that the canonical map ϕ |KX 1 | is birational (see Section 1 [10] ). Thus the canonical map ϕ |KX | is a 3 − 1 map onto a quintic surface in P 3 (see [11, Theorem 4.6] and [1, Theorem 1.5]).
Furthermore, because the Z 3 −cover X g2 / / X 1 ramifies on six points of type 1 3 (1, 1) and twelve points of type A 2 and p g (X) = p g X 1 , by Proposition 2.6, the canonical system |K X | has six base points. So we obtain the surface described in the fifth row of Theorem 1.1.
Remark 3.2. Similarly to the above, if we require that the three branch components D 01 , D 22 , D 12 meet transversally at one point and that the three branch components D 02 , D 22 , D 12 meet transversally at one (two, three) point, we obtain the surface described the sixth (the seventh, the eighth) row of Theorem 1.1.
Construction 2

Construction and computation of invariants
Let l 1 be a line in P 2 , P 1 be a point which does not lie in l 1 , and let P 2 , P 3 , P 4 , P 5 , P 6 be five distinct points in l 1 . Let Y 6 be the blow up of P 2 at P 1 , P 2 , . . . , P 6 . We denote by l the pullback of a general line in P 2 , by e 1 , e 2 , . . . , e 6 the exceptional divisors corresponding to P 1 , P 2 , . . . , P 6 , respectively, by f 1 , f 2 , . . . , f 6 the strict transforms of a general line through P 1 , P 2 , . . . , P 6 , respectively, by h 23456 the strict transform of the line l 1 , and by h 12 , h 13 , . . . , h 16 the strict transforms of the lines P 1 P 2 , P 1 P 3 , . . . , P 1 P 6 , respectively.
We consider the following smooth divisors: Since 3K X is the pull-back of a nef and big divisor, the canonical divisor K X is nef and big. Thus, the surface X is minimal and of general type. Furthermore, by Proposition 2.4, the surface X possesses the following invariants:
K 2 X = 35, p g (X) = 6, χ (O X ) = 7, q (X) = 0.
